Let E be a semistable, rank two vector bundle of degree d on a Riemann surface C of genus g > 1, i.e. such that the minimal degree s of a tensor product of E with a line bundle having a nonzero section is nonnegative. We give an analogue of Clifford's lemma by showing that E has at most (d-s)/2 + 6 independent sections, where 6 is 2 or 1 according to whether the Krawtchouk polynomial Kr(n, N) is zero or not at r = (d-s)/2 + 1, n = g, N = 2g-s (the analogous bound for nonsemistable rank two bundles being stronger but easier to prove). This gives an answer to the problem posed by Severi asking for the minimal degree of a directrix of a ruled surface. In some cases, namely if s has maximal value s = g, or if s > gonality(C) -2, or if E is general among those of the same Segre invariant s, or also if the genus is a power of two, we prove the bound holds with 3 = 1.
Introduction
Let C be a Riemann surface of genus g > 1 and let E be a rank two vector bundle of degree d on C. Then its Segre invariant s, which satisfies s d (mod 2), 2 -2g < s < g, is the minimal degree of a twist E ® L-1
We thank David Butler for a personal communication which we have used in proving Proposition 3.1. We also thank Enrique Arrondo, Rafael Hernandez, Jorge Jimenez and Bernardo L6pez for conversations during the preparation of this article. having a nonzero section or, equivalently, the integer s such that the maximal degree of a line subbundle L c-E is d2S. In [16] Nagata proved that such an integer s is at most g and that we can assume s > 2-2g, because otherwise H1(L* ® (E/L)) = O, which implies that E is decomposable and the rank one Clifford bound is enough to bound its sections. Let us recall, furthermore, that the bundle E is stable if s > 0, and semistable if s > 0. If E is special, i.e., if h°(E) is neither zero nor given by the Riemann-Roch formula h°(E) = d + 2 -2g, then we have s < d < 4g -4-s. Therefore we center our study in this "Severi range" of values of d. This study is trivial in case E is not semistable, providing then a sharp bound (stronger than the "Severi bound" for semistable bundles in Theorem 0.2 below): PROPOSITION 0.1.
Let E be a rank two bundle of Segre invariant s, 2 -2g < s < 0, and degree d on a Riemann surface of genus g. [6] , and irreducible if the curve is general. The above Clifford lemma concerning rank two has motivated research of the analogous problems for bundles of rank two, starting from [23] . Our Severi refinement of the bound suggests a refinement of BrillNoether theory, now involving also the Segre invariant s, which amounts to the study of the intersections of the Brill-Noether strata with the irreducible strata corresponding to fixed values of s.
If s < d < -s then h°(E) < [ds] + 1. d + 3 if d is odd

If-s < d < 4g-4+s then h(E) < + 2 if d is even, and d s (4) + 1 if d is even, and d g s (4).
If4g-4 + s < d < 4g s then hO(E)
Finally, let us explain the reason why we name this bound and the corresponding bundles after Severi. It is due to the fact that it provides an answer to a problem posed by the Italian geometer, in "sulla clasificazione delle rigate algebrice" [17] As for the content of the article, in Section 1 we show Theorem 0.2 proving the main Lemma 1.1 which asserts that a rank two bundle, having at least r < g independent sections, must have a section vanishing at least at r points, unless Kr(g, 2g + 2r -2 -d) = 0. Then we prove recursively that this equality cannot be fulfilled, when fixing g, r, by two consecutive values of d. We believe that other lemmas of this kind should work in algebraic geometry, namely, if a coherent sheaf has many sections, then some section should fulfill a given property, provided that the data do not satisfy some arithmetical relation. Section 2 is devoted to the strict Severi bound. We prove it for s = 1, s = g and for other values of the invariants, for the general bundle on any curve, and also whenever s < n -2, where n is the gonality of the curve (recall n < 9 + 1, for the general curve of genus g).
The study of the integral zeros of the Krawtchouk polynomials, a subject under current research, allows us to find the values g, s, d for which 2) and (1.3) that the set  of triples of integers (r, n, N) satisfying Kr(n, N) = 0 is closed under the action   of a group of order eight generated by the involutions (r, n, N) +-+ (r, N -n, N)  and (r, n, N) -> (n, r, N) Observe that i1 is given by Serre duality. We wonder if some kind of geometrical duality might also corresponds to involution i2 (since this involution changes the genus g, it should change the curve, perhaps to another curve in P(E)). by recalling that, for d > 2g -2, a triple (g, s, d) only if i1 (g, s, d) = (g, s, 4g -4 -d) If 5' = 1, then C cannot intersect a generator of C3 in more than one point, since it is contained in a /-plane, so that C projects isomorphically, from the vertex of C3, to a (7,1) curve of the smooth quadric surface Q2, contradicting the fact that C is not rational. Therefore C has bidegree (6, 2) as stated. Conversely, let C be a curve a genus 5 and bidegree (6,2) in a special linear complex, having stable restriction E of the universal bundle. Such curves exist because we know, after [9] , that Severi 
Thus an easy computation yields i), ii) and iii). O Remark 2.4. We double the information given in the above propositions
